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Abstract

The Banach—Tarski paradox is often stated as follows: given a solid
ball in three dimensions it is possible to cut the ball into a finite number
of pieces and rearrange these pieces to make two balls, each identical
to the original. The result was proved by Banach and Tarski (1924),
building on earlier work of Hausdorff (1914). The paradox, along with
the fact that no such paradox exists in one or two dimensions, hints at
the subtle nature of the concept of volume as well as deep properties of
the group of translations and rotations of three-dimensional space.

In these notes we develop the background material and explore some
earlier paradoxes, before proving the Banach—Tarski paradox. The fi-
nal part of the course will discuss how the Banach—Tarski paradox is
related to the problem of defining a notion of volume which matches our
intuition.






Introduction

How can one give a rigorous definition of volume which matches with our
intuition for how volume behaves? More formally: is it possible to define a
notion of “volume” for all subsets of R™ which is invariant under translation
and rotation, gives the unit cube a volume of one, and such that the volume
of the union of disjoint sets is the sum of the volumes of the individual sets?

In 1901 Lebesgue [4] introduced a way of defining the volume of subsets of
R™ now called Lebesgue measure, which satisfies most of the required proper-
ties. However, Vitali [8] discovered in 1905 that not every set has a well-defined
Lebesgue measure, and his construction showed that there is only hope for a
positive answer if one restricts to finite unions of sets. Thus the question re-
mained: can one define a measure on every subset of R™ which satisfies the
properties mentioned above (and extends Lebesgue measure)?

To show that such measures cannot exist mathematicians, such as Haus-
dorff [3], discovered paradoxes — cutting shapes in to pieces and moving those
pieces with rigid motions to form new shapes with a different volume to the
original. The most striking of these paradoxes was published in 1924 by Ba-
nach and Tarski [I], which is often stated in the form: it is possible to take a
solid ball in R3, divide the ball in finitely many pieces, and move those pieces
using only rigid motions to form two solid balls, each identical to the original
ball. These results are called paradoxes because only rigid motions are used,
and intuition suggests that rigid motions should preserve volume.

The impact of these discoveries is far-reaching. The Banach—Tarski para-
dox solves the problem above about defining measures in R? (and the same
idea works for R” when n > 3), and the techniques involved in proving the
Banach—Tarski paradox led von Neumann to introduce the notion of amenabil-
ity [9], now an important notion in many areas of mathematics.






Information

These notes formed the basis of a course at the University of Bialystok in
November-December 2020, based on earlier notes made while supervising a
Bachelor’s project at Chalmers University of Technology and the University
of Gothenburg.

The course was delivered in 30 hours of lectures and 30 hours of problem
classes. Some necessary results were given as exercises during lectures, to
be attempted by students and discussed during the problem classes; here the
exercises are followed by sample solutions.

The following are suggested as references and/or further reading.

e Wagon [I0] Updated version of Wagon’s comprehensive book on the
topic.

e Weston [II] Notes online containing many explicit computations.

e Cohn [2] Measure theory text; see Appendix G for a discussion of the
Banach—Tarski paradox.

e Runde [5] Contains an introductory section on the Banach-Tarski para-
dox.
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Chapter 1

Groups and actions

We assume that the reader is familiar with basic group theory; many references
are available for the reader who lacks this background, for example [6].

1.1 Examples

The following examples of groups are important for us later.

Example 1.1.1. The collection of all real, invertible n X n matrices is a group
under matrixz multiplication, called the general linear group (of degree n), and
denoted GL(n,R); equivalently GL(n,R) := {T" € R™™" : det(T) # 0}.

A basis {ej,...,en} of a subspace V' of R" is said to be orthonormal if
(€i,ej) = 0 when i # j and (e;,e;) = 1, where (-,-) denotes the usual dot
product on R™.

Exercise 1.1.2. Let V' be a subspace of R™ with orthonormal basis B =
{e1,...sem}, and let T : V — V be a linear operator, with matriz Tp relative
to the orthonormal basis B. Show that the following are equivalent:

(i) (Tx,Ty) = (x,y) for allx,y € V;

(ii) the columns (or rows) of Tp are mutually orthogonal;
(iii) TLTp = I,,.
Such an operator is called orthogonal.

Example 1.1.3. The special orthogonal group (of degree n) is the subgroup
SO(n,R) of GL(n,R) given by

SO(n,R) :={T € GL(n,R) : det(T") = 1 and T is orthogonal}.

1
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Exercise 1.1.4. Show that SO(n,R) is a group.

We will see below that the elements of these groups can be viewed as
“moving” shapes in R™. In particular, we will show that SO(3,R) represents
the rotations of the unit ball that will be used in the Banach—Tarski paradox.
For now, let us try to develop some intuition for how these matrix groups act.

Exercises 1.1.5. The introduction states that the Banach—Tarski paradox

uses “rigid motions” (i.e. distance-preserving maps) to rearrange the pieces of
the unit ball.

(i) What rigid motions are not represented by elements of SO(n,R)?
(i) What rigid motions are not represented by elements of GL(n,R)?
(iii) Does the collection of all rigid motions form a group?

We will not use reflections in our proof of the Banach—Tarski paradox,
working in a subgroup of the Euclidean group (which contains all rigid mo-
tions) called the Fuclidean motion group which does not contain reflections.

Next we introduce free groups, which will play an important role in the
Banach—Tarski paradox. Later we will work with free groups as words on a
generating set, so this is how we define them; see [6, Chapter 6] for alternative
descriptions.

Example 1.1.6. Let S = {ai,...,a,} be a set with n elements, and write
S—1.= {afl, ...,a; '} for the set of formal inverses of elements of S. A word
on S is a finite product 5189+, (m > 1), where s; € SUS™!; a reduced
word on S is a finite product $183 -+ S (M > 1) such that s; is never adjacent
to its inverse. The free group on n generators, denoted F,, is defined to be
the group of all reduced words on S U S™1, with the group operation given
by concatenation and reduction: if w1 and wo are reduced words then their
product is the reduced word obtained from wiwe; the identity element is the
empty word, denoted e, and the inverse of s € S is s~ € S™L. Similarly one
defines the free group Fo, by taking S to be a countable set.

Though we have used S = {a1,...,a,} in the definition of free groups of
arbitrary degree it is conventional to write a and b for the free generators of
Fs.

Exercises 1.1.7. (i) Give an example of two pairs of reduced words vy, vy
and wi,ws in F3 such that vive = wiws.
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(ii) Show that having the same reduced word is an equivalence relation on
the collection of words on S = {ai,...,a,}. Deduce that the group op-
erations on F,, are well-defined.

(i1i) Which familiar group is isomorphic to Fy ¢
(iv) Ezxplain why F, is countable for any n € N.

(v) Let m,n be natural numbers with 2 < m < n. Define an injective group
homomorphism from F,, to F,,. Can you find an injective group homo-
morphism going the other way (i.e. can we identify F,, with a subgroup

of Fp,)?

The final part of the above exercise shows one of the non-intuitive prop-
erties of free groups; we will exploit another strange property of Fo later to
derive the Banach—Tarski Paradox.

1.2 Group actions

Many groups arise naturally as collections of invertible maps on some other
object. This concept is formalised as a group action.

Definition 1.2.1. Let G be a group and X a set. We say G acts on X if
there is a map - : G x X — X such that:

(i) e-x = foralz e X;
(i) g- (h-z) = (gh)-x for all g,h € G and all x € X.

Exercise 1.2.2. Let G be a group. Give an example of an action of G on
itself.

Example 1.2.3. Let n be a natural number and GL(n,R) the corresponding
general linear group. Define - : GL(n,R) x R™ — R™ to be the usual matriz-
vector multiplication. This is an action of GL(n,R) on R™ because of the
properties of matriz multiplication.

Since SO(3,R) is a subgroup of GL(3,R) it follows from Example
above that SO(3,R) acts on R3. This action is very important for the Banach—
Tarski paradox, so we study it further now.
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Exercise 1.2.4. Let 8™ be the unit sphere in R™, that is
S§":={z eR": ||z]| = 1},

where || - || denotes the Fuclidean distance in R”D Show that the restriction
of the action of SO(n,R) on R™ to 8™ is an action of SO(n,R) on S™.

Exercise 1.2.5. Let X be a set and G a group acting on X. Define a relation
~ on X by
x~Yy < y=g-x for somegeQqG.

Show that this relation is an equivalence relation. The equivalence classes of
this relation are called the orbits of the action.

Our final aim in this section is to prove that the group which acts on R?
by rotations about some line through the origin is the group SO(3,R). The
development of these results is based on [2, Appendix G].

Exercise 1.2.6. Let T be an orthogonal operator on R™.
(i) Show that det(T") is 1 or —1.
(i) Show that every real eigenvalue of T has absolute value 1.
(iii) Suppose that n = 3. Show that T has at least one real eigenvalue.

Lemma 1.2.7. Let T be an orthogonal operator on R™ with (real) eigenvalue
A and corresponding eigenvector x. Define = {y € R™ : (x,y) = 0}.

(i) The set x* is a subspace of R™ and Tz C .

(ii) The restriction T,1 of T to x* is an orthogonal operator which satisfies
det(T) = Adet(T,1).

Proof. (i) Let y,z € 2 and pu € R, so
(@, py + 2) = p(z,y) + (z,2) = 0.
For the second part take y € 2+ and calculate
M, Ty) = Az, Ty) = (Tx, Ty) = (z,y) =0,

so as A # 0 we have (z,Ty) = 0, which means Ty € x.

Tt is common to denote the unit sphere in R™ by 8"~ !, but we prefer to use the
convention with SO(n,R) acting on S™.
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(ii) Let e; be a normalised vector parallel to x, and extend to a basis B
of R™ containing e;. Then the first row of T is (A,0,0,...,0) and the first
column has the same pattern. It follows that the rows of Tp corresponding
to T,,1 (the block obtained by removing the first row and column) are still
orthogonal.

The statement about determinants is a general fact. O

In the following exercise you deduce that if T € SO(3,R) has an eigenvalue
—1 then T is a rotation.

Exercise 1.2.8. (i) Let S be an orthogonal operator on R? with det(S) =
—1. Show that both 1 and —1 are eigenvalues of S.

(i) Let T be an orthogonal operator on R® with det(T) = 1 and an eigenvalue
—1. Show that the eigenvalues of T are —1 (multiplicity two) and 1
(multiplicity one).

(iii) Deduce that if T is an orthogonal operator with det(T) = 1 and an
etgenvalue —1 then T is rotation by m about some line through the origin.

It remains to investigate the case when T' does not have —1 as an eigen-
value.

Exercise 1.2.9. (i) Let S be an orthogonal operator on R? with det(S) = 1.
Show that for any orthonormal basis B of R? there are a,b € R with

a’>+b> =1, so that Sg = (a _b).
b a

(ii) Deduce that if T is an orthogonal operator on R3 with det(T) = 1 and
no eigenvalue —1 then there is an orthonormal basis B of R? for which

1 0 0
Tg =10 cosf —sinb
0 sinf cosf

Conclude T s a rotation by 6 about some axis through the origin.
Now we have the result we were aiming for.

Proposition 1.2.10. Let T be a linear operator on R3. The following are
equivalent:

(i) T € SO(3,R);
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(i) T acts by rotation about some line through the origin.

Proof. (i) = (ii) By definition T is an orthogonal matrix on R? and det(T) =
1. If —1 is an eigenvalue of T' then part (iii) of Exercise shows T' is a
rotation about a line through the origin. If —1 is not an eigenvalue of T
then part (ii) of Exercise shows T is a rotation about a line through the
origin. O

Exercise 1.2.11. Prove the implication (ii) = (i) of Proposition|1.2.10.



Chapter 2

First paradoxes

In this chapter we meet our first “paradoxes”, all of which are based on du-
plicating some objects.

Exercise 2.0.1. Look up a definition of the English word paradox. Do the
examples below qualify as paradores? What about the Banach—Tarski paradox
itself ?

2.1 Cardinality

For an infinite cardinal [ it is known that 21 = I. This clearly contradicts our
intuition from familiar arithmetic, but does it qualify as a paradox?

Exercise 2.1.1. Consider the unit ball in R®. Divide the ball in n pieces,
where n > 2, in such a way that each piece has infinitely many points. Using
the above fact about cardinal arithmetic to identify each point of a piece with
two points to obtain a second copy of each piece. Reassemble the original pieces
to form the original ball and the duplicates of each piece to form a duplicate
of the original ball. The Banach—Tarski paradox is proved!

What is wrong with this reasoning?

2.2 Spokes on a wheel paradox

This “paradox” is explained by Weston [I1]. The idea will appear again later
when we are proving the Banach—Tarski paradox.

Let [ denote the line (0,1) along the z-axis in R?, and let p denote anti-
clockwise rotation about the origin in R? by 1/10 radians; each p"(l) (n > 1)
is then a radius of the unit circle at an angle of n/10 radians from the z-axis.

7
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The union W := 2%, p" (1) looks like the collection of spokes on a bicycle
wheel, except there are infinitely many of them (the square union symbol sig-
nifies that we are taking the union of a disjoint family of sets). However, we
can make another spoke as follows: let p~' denote a clockwise rotation by
1/10 radians, so that

p W) =] ) =w| i
n=0

So applying one rotation in the opposite direction added one more spoke to
w.

Exercise 2.2.1. Why did we choose p to be rotation by 1/10 radians above?

2.3 Paradoxical decomposition of the free group

Consider the free group on two generators Fy, and write the generators as
a and b. Though it is deceptively simple, what we do now foreshadows the
Banach—Tarski paradox, and is in fact one of the main parts of the proof. We
will divide Fy into five disjoint sets, and then use the action of Fy on itself to
rearrange these disjoint sets in to two copies of .

Recall that elements of Fg are represented by reduced words on the gen-
erating set {a,b,a=!,b=1}. For each c € {a,b,a™!, b~} we define

W, :={w € Fa : w is a reduced word beginning on the left with c}.

Since every element of Fy except the identity word e belongs to exactly one of
the sets W, we may write

Fo = Wa| |[Wo| |[Womi | |[Wa | [e}- (2.1)

Now we claim that

a Wa =Wa | [Wi| [Wya | [{e}.

Indeed, let w be a reduced word which does not belong to W,-1, so that aw
is a reduced word in W, and w = a~!(aw) € a~'W,. For the other inclusion
let w be a reduced word in a~'W,. If w = e then we are done, otherwise
w = a 'w, for some reduced word w, = as; - - - S,, where s; # a~' since w,
is a reduced word in W,. It follows that w = s1---s, is a reduced word in
W, UW, UWy-1 U {e}. Thus, by acting on W, we have written Fy as a union
using only two of the pieces in the union : Fy = o'W, UW,-1. Arguing
similarly with b in place of a we obtain second copy of Fy as a union using
two other pieces in the union : Fo = bW, U Wy-1.
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Exercise 2.3.1. The Cayley graph of a group G with generating set SUS™!
is the graph which has a vertex for each element of G, and an edge joining the
vertices g and h if and only if h = gs for some s € SUS™L.

(i) Draw the Cayley graph of Z (which is cyclic). What part of the graph
corresponds to the set W from the spokes on a wheel paradoz? What part
corresponds to p~ (W) ?

(i1) Draw (or look up) the Cayley graph of Fo with S = {a,b}. Mark the
parts of the graph corresponding to Wy, Wy, W,—1 and Wy-1. Use this to
visualise how we obtained two copies of Fo above.

2.4 Paradoxical decompositions in general

What we have shown above is that free groups have a paradozical decomposi-
tion, in the following sense.

Definition 2.4.1. Let G be a group acting on a set X. Say that X is G-
paradoxical if there are disjoint subsets Aq,..., A, and By,...,B, of X, el-
ements gi,...,9n and hi,..., hy of G such that

n m
=1 7=1

Such a collection is called a paradoxical decomposition of X. If X = G and
the action is by left multiplication then we say G is paradozical.

Theorem 2.4.2. Suppose that G acts on a set X by - : Gx X — X. A
fixed point of this action is * € X such that there is g € G with g - x = x;
we say the action has no non-trivial fived points if g - x = x implies g = e.
If G is paradozical and the action has no non-trivial fized points then X 1is
G-paradoxical.

Proof. Choose M C X such that M contains exactly one element from each
G-orbit. We show that {g- M : g € G} is a partition of X. It is clear that
Ugegg - M = X: fix x € X since M contains a point from each G-orbit there
isge Gwithg-z€ M,soxcg ' M. Now suppose g,h € G and =,y € M
with g-2 = h -y, so (h~'g) - o = y. Thus x and y belong to the same orbit,
so by definition of M we must have 2 = y. Hence (h~!g) -z = 2, s0 z is a
fixed point; we assumed that the only fixed points of the action are trivial we
must have h~'g = e. We have shown that if g - M and h - M have non-empty
intersection then g = h.
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Take disjoint subsets A1,..., A, and By, ..., B, of X, elements g1,...,gn
and hq,...,h;, of G such that

n m
UgiAi == G == U thj'
i=1 j=1
coming from paradoxicality of GG, and define subsets of X by

AY:=J)g-M and BY:=|]h M
geA; hEBj

The sets AX, B]X are pairwise disjoint (because of the claim above) and, using
the properties of a paradoxical decomposition of G,

Ogi'A%X:Ogi' UQ'M (OgiAi>'M=G-M:X.
i=1 i=1 i=1

geA;
Similarly
m m m
Ur-BS=Uh- | Jg-M|=|JWB | M=G-M=X.
j=1 i=1 gEDB; j=1

O]

Exercise 2.4.3. Let G be a group acting on a set X with no non-trivial fized
points.

(i) Suppose that the action of G on X is paradozical. Show that G is para-
dozical.

(ii) Suppose that H is a subgroup of G and E C X is H-paradozical. Show
that E is G-paradoxical.

Hint. For (i) look at one of the G-orbits, and transfer the paradoxical decom-
position of that orbit to G.



Chapter 3

The Banach—Tarski paradox

3.1 A free subgroup of SO(3,R)

We already know that Fo has a paradoxical decomposition, so our idea is
to look for an identification of Fy with rotations of the sphere. We follow
Runde [5, Theorem 0.1.4].

Theorem 3.1.1. There is a subgroup of SO(3,R) which is isomorphic to Fy.

Proof. Let 6 be an anticlockwise rotation by cos_l(%) around the z-axis and

¢ an anticlockwise rotation by cos_l(%) around the z-axis; with respect to the
standard orthonormal basis B of R3 these rotations (and their inverses) are

given by

+ 1 2\/5 + 23 2 13
=10 3 +73 and  ¢p = 5= 3 0
0 +22 1 0 0 1

Clearly 6 and ¢ belong to SO(3,R), so every (reduced) word on 6 and ¢ also
belongs to SO(3,R). Our task is to show that no reduced word on 6 and ¢ acts
as the identity on 83, since then the map F2 — SO(3,R) given on generators
by a + 6 and b +— ¢ extends to an injective group homomorphism.

Let w be a word on 6 and ¢ which is not the empty word; we will show,
by induction on the length of w, that there is a vector on which w never acts
as the identity. First assume that w ends (on the right) with ¢*. We claim
that

1 1 a
wp (0] = ¢ W2 |, (3.1)
0 c

11
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where £ is the length of w, the numbers a, b, ¢ € Z, and 3 1 b. Observe that this
is sufficient to prove the result for such w. Suppose that k = 1, so w = ¢7;
then

1 1 1
wp |0 =3 +2¢/2 |,
0 0

as claimed. Now suppose that the claim holds for a word w’ of length k, so
w = 0w’ or w = ¢pTw' and w' satisfies (3.1)) for integers a’, v, ¢’. Calculations
show that

1 1 a
wp 0 = ﬁ b\/i 5
0 c

where a, b, ¢ are given by

a=d F4, b=V +2d, c=3c ifw=¢ u';
a=3d,b=bF2/, c= 4V ifw=06%.

It remains to check that 3 t b. This follows from 3 1 b/, but some tedious
case-checking is required: in each case apply 31 b’ to what is obtained.

o if w = ¢T0Fv then b = ¥ F 2d’ with 3 | a';
o if w = 0T ¢ptv then b =V F 2¢ with 3 | ¢/;

o if w = ¢T¢pTv then b = 26’ — 9b”, where b” is the integer from the form

ofv;

o if w = 6F6Fv then b = 26’ — 9b”, where V” is the integer from the form

ofv.

This completes the proof of the claim.
To finish we must also take care of the case when w ends (on the right)
with 6%; but what we have shown above implies that such w never acts as the
1
identity on ¢p [ 0 |. O
0

Exercises 3.1.2. (i) In the above result we chose rotations about perpen-
dicular azes. Do you think that any pair of axes will work? Guess what
property is required in order that rotations about these axes gemerate a
free group.
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(i) Draw a picture which explains why the rotation 0~'¢0 acts differently on
S3 to the rotation ¢.

(iii) Explain why we chose the angle of rotation to be cos™'(3).

3.2 The Hausdorff paradox

We proved in Exercise that SO(3,R) acts on the sphere S3, so the idea
is to apply Theorem [2.4.2] to get a paradoxical decomposition of S3. Unfortu-
nately Theorem [2.4.2] requires that the action has no fixed points.

Exercise 3.2.1. (i) What are the fived points of the action of SO(3,R) on
8§37

(ii) Explain how these fized points cause a problem when we try to transfer
the paradozical decomposition of the subgroup of SO(3,R) to S3.

Hint. For (ii) you may want to look at Section 4 of [11].

The following result was effectively discovered by Hausdorff [3], and is
known as the Hausdorff paradozx.

Theorem 3.2.2. There is a countable set D C S8 such that S*\ D is SO(3,R)-
paradozical.

Proof. Let F be the subgroup of SO(3,R) which is isomorphic to Fg, as found
in Theorem [3.1.1}, and let D denote the set of fixed points of the action of F
on 83 (so by Exercise D contains two points for each axis of rotation
corresponding to an element of F'). Since Fy is countable (by Exercise
it follows that D is countable. If we can prove that F acts on S\ D with no
non-trivial fixed points then we can apply Theorem [2.4.2] and Exercise [2.4.3

First we must check that F' does indeed act on SO(3,R) \ D (i.e. that no
point in this set is sent to D by the action). Suppose that p € S* and p € F
are such that p(p) € D, so by definition of D there is a ¢y € F, which is not the
neutral element, such that 1 (p(p)) = p(p). Hence (p~14p)(p) = p, and since
it p~'9p € F cannot be the neutral element we have p € D. We have shown
that if p € 83\ D then p(p) € 83\ D for all p € F, so we have a well-defined
action of F' on 83\ D. The action of F' on SO(3,R)\ D cannot have any fixed
points, since all such fixed points lie in D.

We have shown that F is a subgroup of SO(3,R) which acts on S?\ D
with no non-trivial fixed points. By Theorem it follows that S3\ D is
F-paradoxical, so by Exercise S3\ D is SO(3, R)-paradoxical. O
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Exercise 3.2.3. We finished the proof of Theorem by applying The-
orem [2.7.9.  Look at the proof of Theorem [2.7.9 and write down the sets
Ai,B;j C 83\ D and the elements g;,h; € SO(3,R) which satisfy Defini-
tion in this case.

3.3 The Banach—Tarski paradox

The Banach—Tarski paradox almost follows immediately from the Hausdorff
paradox, but there are some technicalities to take care of.

First of all we need to find a paradoxical decomposition of the whole of
S3, not just of S\ D. The idea of this proof is the same as the one in the
spokes on a wheel “paradox”, just adapted to three dimensions.

Proposition 3.3.1. The sphere S is SO(3,R)-paradozical.

Proof. Choose a line £ through the origin in R? which does not intersect the
set D from Theorem Since there are uncountably many lines through
the origin and the set D is countable such a line £ certainly exists. We want
to find an angle «g so that if o is (anticlockwise) rotation about ¢ through an
angle ag (note that o € SO(3,R)) then the sets 6"(D) (n € N) are pairwise
disjoint, like the sets p™(l) from the spokes on a wheel “paradox”.

Let 0, € SO(3,R) be anticlockwise rotation by angle o about the line ¢,
and consider

{a €]0,27) : there is p € D and n € N with o(p) = opa(p) € D}.

For each pair (p,q) € D there is at most one angle a € [0, 27) with o4(p) = g,
so since N is countable each pair (p,q) € D x D contributes only countably
many elements to the set above. Since D x D is countable the above set is
countable, so we may choose an angle cg which is not in the set. Let o := o,
denote the corresponding rotation, and observe that o has the property we
wanted: since ¢ (D)N D is empty it follows that ¢ (D) Ne™(D) is empty for
all m,n € N with m # n.

To finish the proof we apply the same idea from the spokes on a wheel
paradox. Let

E = |t|1 o™ (D),

and note that
(S*\o 'EYUE=(S*\(EUD))UE = ((S*\ E)N(S*\D))UE
= ((S*\E)UE)N ((S*\D)UE) =8N (S§*\ D) =8\ D,
(3.2)
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while moving one of these pieces by 01 gives S? = (S3\o " !E)Uc ! E. Recall
that

SI\ND=Wy- M| |Wo-r - M| |Wy- M| |[Wy-r - M

Define pairwise disjoint subsets of S? by

A= (Wy- M)N(S*\ E)NO(S®\ E), 31 (W - M) N (S*\ E) N o(S*\ E),
Ay=Wy-M)NENOS®\ E), = (W, - M)NEN ¢S\ B),

Az = (Wo-1 - M) N (S*\ B), =<W¢1 M)N(S*\ E),
Ay = (Wy- M) N (S*\ E)NO(E), =<W¢ M)N(8*\ E)N¢(E),
A5 = (Wy- M)NENO(E), = (Wy- M)NEN¢(E),

Ag =Wy -M)NE, :(W¢1 M)NE.

Also define elements of SO(3,R):

g1 = 9_1792 = 9_1793 =6€,04 = 0-_19_1’95 = 0-_1‘9_1’96 = 0_1
hl = Qsilv h2 = ¢717h3 = 67h4 = 0-71¢717h5 = 071(1)717 h6 = 0-71'

In the following calculation we use that intersection distributes over union a
number of times, i.e.

(XinY)u(XinZ) =X, N (YU Zy). (3.3)

The sets involved on the left side are labelled in the calculation below using
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underbraces, and the resulting sets on the right side with overbraces. Now
O - A |07t A | |As| et A | [(o7t0T - As)| |07 - A6)
= (Q_I(Al L AQ) L A3) I_I (0_1(0_1(A4 [ A5) [ Ag))

Ay Az
_ 9—1(((W9.M)m(53\E)m0(83\E))I_I((We-M)ﬂEFW(S?’\E)))
N ~—_——— ~—/ —

X1 Yy X1 Zy

As
U (Wy-1 - M) N (S*\ E)))

Ay As
L (Ul (91<((W9-M)ﬁ(83\E)00(E))U((W9'M)ﬁEﬂ9(E))>
—_— — —_—

Xo Yo X2 Z3
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= (07 (Wy - M) NO(S?\ E)) U (Wy1 - M) (S3\ E)))
| | (g—l (9—1 ((Wg M) O(E)) U (W1 - M) N E)))

= (07 Wy - M)N(S*\E)) U ((Wp-1- M)N(S*\ E))
——— N—— ——— N——

Y5 X5 Zs X5

Lo | (07 (We-M)n E )U((Wyr-M)N _E)
—_—— N —_——
Ys X6 Z6 X6
Ys %:5 X5

= -1 . . 3
(67 (Wy- M)U(Wy-1-M))N(S*\ E)

Ys Z6 Xg
| o7 | (07 (Wo - M)U(Wy-r - M) N E

= ((S\D)yn ST\ E) o (ST \ D) N E)
=S\ E)|Jo (E\D) = (S*\E)| Jo ' (cE) = S*.

Repeating the above calculation shows u?':lhj -Bj = S3. This completes the
proof. O

Now we are ready to finish the proof of the Banach—Tarski paradox.

Exercise 3.3.2. Can you guess how we will get a paradoxical decomposition
of the solid ball from the paradozical decomposition of S we found in Propo-
sition|3.5. 17 FExplain the idea, along with any difficulties which you think may

arise.

We denote the solid unit ball in R? centred at the origin by B := {z €
R3 : ||z|| < 1}. Write E" for the n-dimensional Euclidean motion group, which
consists of all translations and rotations.

Theorem 3.3.3. The unit ball B3 in R3 is E3-paradoxical. That is, we can
split the ball B® in finitely many pieces, then rearrange these pieces using
rotations and translations in E3 to get two copies of B3.

Proof. Let Ai,..., A, and Bi,..., B,, be pairwise disjoint subsets of S? and
g1y 9n, 1y B € SO(3,R) giving the paradoxical decomposition of S3
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found in Proposition As in Exercise define disjoint subsets A} and
B} of B3 by filling in radially:

Af ={ta:t€ (0,1,a€ A;} and Bj:={tb:t€(0,1],b€ B;};

these sets, together with ¢g1,...,96,h1,...,hs € SO(3,R) in Proposition
give a paradoxical decomposition of B2\ {0}.

It remains to fix the missing origin. Fortunately we can reuse the same
idea from the spokes on a wheel paradox, in the same way as we did to fix
the set D in Proposition 3.3.1} we will define a set C' and a rotation 7 such
that B3 = (B2 \ 77 1C) U 7r71C, and B3\ {0} = (B3\ 77 1C) U C. There are
many choices for how to define C' and 7 — we just need to make sure that
C C B3 and that rotation by 7 has similar properties to the spokes on a wheel
paradox. Let z = (1/10,0,0) and choose a line through x which does not
pass through the origin; this line will be the axis of rotation. Let 7 denote
clockwise rotation about this line through 1 radian. Note that 7 is not an
element of SO(3,R), but 7 € E3, and 77(0) # 0 for all n E N. For the same
reason as we used in Section and in Proposition C = |_|OO 7™(0)
satisfies 771C = LU ,7™(0) = C L {0}. A calculation sumlar to shows
that

(B3\rtcyucCc =8B\ {0}.

Combining this with the paradoxical decomposition of B2\ {0} gives a para-
doxical decomposition of B3.
Define pairwise disjoint subsets of B> by

Ei,j,k = Xiﬁ(glzl-Xj)ﬁA};, E]k = X; ﬁ(h_ )ﬂBk,
where X1 = B3\ 771C and X5 = C, and group elements
Sijik 7= Tigks  tijk = il

Here gg, hy, are the group elements appearing in the proof of Proposition|3.3.1
while 7y = e and 7o = 771, So

Eiii=B\7'0)n(0- B\ 7710))NA}, Bio1=(B\77'C)n(0-C)n Aj,
Eiio=B*\77'0)n(0- B\ 771C))NAS, Biaa=B\77'C)N(0- c)mA
Ey13=(B*\r7'C)n(B*\ 771C) N A5, Eia3=(B*\r7'C)nCn
Eiia=B\7'0)n (00 - B\ 7710)) N AL E104 = (B*\77'C)N (b0 - C)DA’”,
Eiis=B*\7'0)n (0o - (B*\77'C)) N AL E125 = (B°\77'C) N (6o - C) N AL,
Eiig=B*\7'0)n (o B\ 7710)) NAL, Eia6=(B\77'C)N(c-C)N A,
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Eyin=Cn(0-(B°\77'C))NA}, Eig1=Cn(0-(B°\77'C)) N Aj,
Ey1o=CnN(0-(B*\77'C))NAL, Eiaa=CnN(0-(B\7710)) N AS,
Ey13=CnN(B*\77'C)n A, E123—Cﬂ(l’>’3\ “Cyn AL,
Ey1a=0Cn(0c- (B*\77'0)) NALE 124 =Cn (6o (B*\771C)) N 4],
Ey15=CnN(0c- (B \ 7~ 10))mA5,E125_Cm(9 B3\ 771C)) N Az,
Eyi6=CnN(c-(B\77'C)) NA§, E1p6=Cn(c-(B\7710)) N A
while

1 1 -1 —1p-1 1
si1n=0"", si12=0"", si13=¢€, Si1a=0 0, s;15=0 0", sp16=0 ",

—1p-1 —1p-1 —1
Sig1 =T 0, si00=17 07, si23=7

Siga=T "0 07", sios=7"10T107", si06=7""0"

Some of these sets may be empty, but that doesn’t matter. A calculation
similar to the proof of Proposition shows that U; jrs;jk - Eijx = B3 =
tijk - Fijr. We will not write this calculation as it is extremely long. See

Exercise [3.3.7](ii). O

Exercise 3.3.4. (i) Explain the choices we made for the point x, the azis
through x and the angle of rotation.

(ii) Why does the Banach—Tarski paradoz not say that the unit ball in R? is
SO(3,R)-paradozical?

Obviously the Banach—Tarski paradox as stated above does not require us
to work with the unit ball in R3: the same idea by filling in the solid ball
radially allows us to duplicate a solid ball of any radius.

You may have noticed that it quickly became difficult to keep track of the
paradoxical decompositions of sets involved, so it is convenient to introduce
some terminology (perhaps it would have been more convenient to do so before
proving the Hausdorff paradox). This terminology also makes it easier to give
a more general form of the Banach—Tarski paradox, in which we no longer
work with solid balls.

Definition 3.3.5. Let G be a group acting on a set X. We say that two
subsets A and B of X are G-equidecomposable, and write A ~g B, if there
are disjoint subsets Aj,..., A, and Bi,...,B, of X (we do not need any
assumption on intersections A;NB;) and g1, ..., gn € G such that A = U} A;
and B = U?:1Bj and B; = g; - A; for 1 <i<n. We also write A<g B if A
is G-equidecomposable with a subset of B.
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Lemma 3.3.6. Let G be a group acting on a set X.

(i) If A,B C X with A ~g B then there is a bijection  : A — B with
C ~¢g B(C) for all C C A.

(ii) If A1, Ay, By, By C X with A1 N Ay = () = By N By such that A1 ~g B
and Ay ~g By then A1 U A ~g By U Bs.

Proof. (i) Let Ay,..., Ay, B1,...,B, C X and g1, ..., 9, € G witness A~g B.
Given C C A define

B:C — B; B(c):==gi-c, c€A,.

This is well-defined because the sets Aq,..., A, are pairwise disjoint, with
union A, so each a € A belongs to exactly one of the sets A;. For each i € T
the map A; — B;; a — g;-a is a bijection, so because the sets Ay, ..., A, and
Bi,..., B, are pairwise disjoint we see that 3 is a bijection. Indeed, if b € B
then b € B; for some i, hence g; 'b € A; so b = B(g; 'b), so B is surjective.
For injectivity suppose (x) = S(y), hence 5(z) and B(y) belong to the same
set B;; this means B(z) = ¢; - « and 5(y) = ¢; - y, so x = y. Now take C' C A
and define C; :== CNA; and D; := S(C)N Bj. These sets are pairwise disjoint
because the sets A; and B; are. Also

OCi:OCﬂAi:CﬂA:C,
=1

=1
similarly U, D; = f8 (C). Finally,
gi-Ci=9i-(CNA)=(9-C)N(gi-A) = (g:-C)NB; = B(C)N B; = D;.

(The penultimate equality above is not because g; - C' = f(C), which is false,
but the sets g; - C' and (C') do have the same intersection with B;.) Hence
C~a B(0).

(ii) Let C1,...,C, and Dy,..., D, be pairwise disjoint subsets of A; and
Bj respectively, and g1, ..., g, € G such that g;- C; = D;; also let Eq,..., Epy,
and F1,..., F,, be pairwise disjoint subsets of Ay and Bs respectively, and
hi,...,hm € G such that h; - E; = F;. Since A; and Ay are disjoint the sets
C; and Ej are together pairwise disjoint (intersections C; N Ej are empty),
similarly for D; and F}, so it is clear that these sets together with g;,h;
implement A1 U Ay ~g B1 U Bs. O

Exercises 3.3.7. Suppose that G is a group acting on the set X.
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(i) Show that G-equidecomposability is an equivalence relation on the collec-
tion of subsets of X.

(ii) Show that if A C X is G-paradoxical and A~gB then B is G-paradozical.

(11i) Show that the relation =g is a reflexive and transitive relation on the
equivalence classes of ~q.

(iv) (a) Reformulate the definition of a G-paradoxical set in terms of equide-
composability.

(b) Reformulate Proposition using SO(3,R)-equidecomposability.

(¢) Summarise the proof of the Banach—Tarski paradoz using equidecom-
posability.

Recall the Cantor—Schréder—Bernstein theorem for cardinals, which states
that if I < J and J < I then I = J. The following theorem is a version of
this result for the relations <g and ~¢.

Theorem 3.3.8. Let G be a group acting on a set X. Suppose that A and B
are subsets of X such that A =g B and B <g A. Then A~g B.

Proof. Let B’ € B and A’ C A be such that A ~g B’ and B ~g A’. Let 3 :
A — B'and v: B — A’ be bijections as in Lemma[3.3.6] Define Cp := A\ 4’,
and define inductively Cp41 := v o 5(C,). Write C := U2 ,C,,. We have that
7y~ 1A\ C) = B\ B(C), which implies (A \ C) ~g (B \ B(C)). Indeed, since
A\ (AN A) = A,

7HANC) =7 THA)\ (U7 B(C) U™ (CO))
= (v M\ (B@)) N (7HA)\ ()
= (v (8@)) Ny i)

= (v Ny A\ BO)
=7 {(A)\B(C) = B\ B(O).
Similarly C' ~g ¢(C). Hence, by Lemma again,
A= ((A\C)UC)~c ((B\B(C))UB(C)) =B.
O

Now we can give the strong form of the Banach—Tarski paradox. For a set
X C R", a point x is called an interior point of X if there is an open ball
centred at x, say Be(z), with Be(z) C X.
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Theorem 3.3.9. Any two bounded subsets of R? with non-empty enterior are
E3-equidecomposable.

Proof. Let A and B be subsets of R? with non-empty interior. We will show
A <ps B; since A and B are arbitrary the same argument also shows B <3 4,
so by Theorem [3.3.8] A~ps B. Take solid balls of suitable radius K and L with
A C K and L C B (this is possible because we assumed A was bounded and
B has an interior point). Choose n large enough that K can be covered by n
copies of L (the copies of L are allowed to have non-empty intersection). Let
M denote a set of n disjoint copies of L then, by applying our first version of
the Banach—Tarski paradox, Theorem [3.3.3] n times, M ~ps L. This means

AC K <gs M =<gs L C B,

so by Exercise [3.3.7 part (iii) A <gs B. O
The Banach—Tarski paradox is closely related to the axiom of choice:

Axiom of choice. For any collection of non-empty sets {X;}icr
there is a set X containing exactly one element from each Xj.

This proved controversial: Borel objected to the Hausdorff paradox because
of its use of the axiom of choice, since the use of the axiom of choice means
the use of a set which cannot be ‘explicitly’ defined. We will see later that
the Banach—Tarski paradox necessarily involves sets which are not Lebesgue-
measurable (this statement will be made precise in Chapter [4)); it is now known
that constructing a set which is not Lebesgue-measurable requires some form
of the axiom of choice, so that the Banach—Tarski paradox also does require
some form of the axiom of choice as an assumption. We refer to [10, Chapter
13] for a detailed account of the connection between the axiom of choice and
the Banach—Tarski paradox, including references for the statements in this
paragraph.

Exercises 3.3.10. (i) What is your view on the axiom of choice?
(ii) Identify the points in this project where the axiom of choice was used.

(#ii) Look up the original paper of Banach and Tarski [1]. What was their
view?



Chapter 4

The problem of measure

Now we go back to measure theory and look at the original motivation for
developing the Hausdorff and Banach—Tarski paradoxes. First we give basic
definitions and introduce Lebesgue measure, then cover non-measurable sets,
which leads us to consider the problem of measure.

4.1 Basic measure theory and Lebesgue measure

Definition 4.1.1. Let X be a set. A o-algebra on X is a collection A of
subsets of X such that

(i) X € A;
(i1) A is closed under complements;

(111) A is closed under countable unions (and therefore also countable inter-
sections).

For any set X there are two obvious o-algebras on X: the collection P(X)
of all subsets of X and {0, X}. We now see how to construct other examples.

Exercise 4.1.2. Let X be a set.

(i) Show that the intersection of an arbitrary non-empty family of o-algebras
on X s a o-algebra on X.

(ii) Let F be a family of subsets of X. Show that there is a smallest o-algebra
Ar on X that contains F, and explain why it is unique.

23
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Now we are able to introduce an important o-algebra on Euclidean space.
Recall that a set X C R" is called open if for every x € X there is € > 0 such
that Be(x) C X, i.e. every point of X is an interior point of X.

Definition 4.1.3. The o-algebra on R™ generated by all open subsets of R™
is called the Borel o-algebra on R™, denoted B(R™). Equivalently, B(R™) is
the o-algebra on R™ generated by all (half-open) boxes on R™ [2, Proposition
1.1.5], that is, generated by all sets in R™ of the form

{(z1,...,xn) ER" 1 a; < x; < b; fori=1,...,n}.

The collections of sets introduced above are the domain of the measures
we now introduce.

Definition 4.1.4. Let X be a set and A a o-algebra on X. A measure on
(X,A) is a function
w: A— 0,400

with the following properties:

(i) p(0) =0;

(ii) p is countably additive, i.e. if { A, }nen is a countable collection of pair-
wise disjoint subsets of X which all belong to A then p(UpenAyn) =

ZnGN :U’(An) .

If, in addition, G is a group acting on X then we say p is G-invariant if
plg-A)=p(4), geG, AcA

In the above situation the elements of A are called measurable sets, and
those sets with measure 0 are called null sets. We often speak simply of a
measure on X, omitting the g-algebra when it is clear from context.

Examples 4.1.5. (i) For any set X there is a measure on P(X) called
counting measure, and defined by

|A|  if A is finite;
p(A) = e
400 if A is infinite.

(i) Every probability space corresponds to a set X equipped with a o-algebra
and a measure p satisfying p(X) = 1. In this case the measurable sets
represent events, and the measure gives the probability of an event oc-
CUrTIng.
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(11i) Every locally compact group carries a natural measure on the o-algebra
generated by all open sets, called Haar measure (see Appendix @)

Now we give a brief explanation of Lebesgue measure. Let us call a subset
B of R™ a box if one can write

B:{(;cl,...,mn):wiefi}:h><~-><In,

where each I; C R is an interval (we do not worry about whether the I; are
open or closed or half-open). It is natural that if I = (a,b) (or [a,b] or (a,d]
or [a,b)) with a < b then the length of I should be len(I) = b — a. Similarly,
we define the volume of a box B =11 x --- x I, in R™ to be

vol(B) := [ [ len(I;).
=1

If a set A C R™ is contained in the union of countably many boxes { B, }men
then, according to the properties of measures, we should have vol(A) <
> men Vol(Bm). Now we can define Lebesgue outer measure on R", denoted
A%, by

A*(A) := inf { Z vol(By,) : By, are boxes and A C UmeNBm} i
meN

The following result summarises the results on Lebesgue measure in [2]
Section 1.4] and defines Lebesgue measure.

Theorem 4.1.6. There is a measure A on (R™,B(R™)), which assigns to
each box B its volume. This measure, which we call Lebesgue measure, s the
unique measure (1 on (R™ B(R™)) for which u(B) = vol(B) for all boxes B.
Moreover, Lebesgue measure is translation-invariant, and agrees with Lebesgue
outer measure where the latter is defined.

We make two comments here on the properties of Lebesgue measure which
we will not need later. First, it is possible to define a o-algebra on R™ which
contains B(R™) on which Lebesgue measure is also defined; this o-algebra and
the resulting Lebesgue measure are called the completions of B(R™) and A,
respectively. The latter is also called Lebesgue measure; it fixes the problem
that there may be subsets of elements of B(R"™) which are not in B(R").
Secondly, we stated that Lebesgue measure on B(R™) is unique; in fact, if p is
any non-zero measure on B (R™) that is finite on bounded sets and translation-
invariant then pu is called a Haar measure on R™, and there is ¢ > 0 for which
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p = cA. In other words, Lebesgue measure is a Haar measure on (R",B(R"))
(see Appendix and the requirement that it gives the unit cube a volume 1
determines the constant c.

Exercise 4.1.7. Theorem states that Lebesque measure is translation-
1nvariant.

(i) Ezplain the statement: Lebesque measure is invariant under the natural

action of the group R™ on R™, defined in Ezercise[1.2.3

(i) Show that Lebesgue measure is invariant under the action of the FEu-
clidean motion group E”.

4.2 Vitali sets and the problem of measure

Is it possible that all subsets of R™ are Lebesgue measurable? This natural
question was an open problem until it was solved by Vitali [§]. Make sure not
to confuse “not Lebesgue measurable” with “has measure zero”.

Theorem 4.2.1. There is a subset of R which is not Lebesgue measurable.

Proof. Define a relation ~ on R by
r~y <= z—yeQ.

First we check that this is an equivalence relation. Reflexivity is clear since
0eQ Ifx—yeQtheny—2z=—(x—y) €Q, so~ is symmetric. For
transitivity suppose x ~ y and y ~ z, so (x — y),(y,2) € Q; thus x — z =
(x—y)+ (y—2) € Q as Q is closed under addition. Each equivalence class of
~ is of the form Q + x for some x € R, so each equivalence class is dense in
R. Tt also follows that each equivalence class intersects the interval (0,1), so
since they are disjoint we may use the axiom of choice to form a set V' C (0, 1)
containing exactly one element of each equivalence class. Now we prove this
set V is not Lebesgue measurable.

Since Q is countable we can enumerate the set QN (—1, 1), say by {r, }nen,
and define V,, := V + r,,. First we show that the sets {V},},en are pairwise
disjoint. If V,;, NV, is not empty then there are v,w € V with v+7r,, = w+ry,
so v ~ w and therefore m = n, since distinct equivalence classes are always
disjoint. Secondly, observe that

U Ve c(-1,2), (4.1)

neN
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since V' C (0,1) and —1 < r,, < 1 for each n € N. Finally we show (0,1) C
UnenVn. Let € (0,1) and take v € V so that  ~ v; thus z — v € Q and
—l<z—-—v<l1,s0x—v=r, for somen € N. Hence z € V,,.

Now suppose that V' is Lebesgue measurable. Since Lebesgue measure is
translation-invariant A(V,,) = A(V'), and the disjointness of the sets {V}, }nen

implies
A (U Vn) =3 AVa) =D _A(V). (4.2)

neN neN neN
If A(V) = 0 then we have A(UpenVs) = 0, contradicting the above fact that
(0,1) C UpenVn. If A(V) # 0 then equation (4.2)) implies A(V) = +oo,
contradicting (4.1)). The set V' in this proof is called a Vitali set. O

Exercise 4.2.2. Give a construction of a Vitali set in R™.

At the conclusion of proof of Theorem it was essential that Lebesgue
measure is countably additive: we used countable additivity to produce a
contradiction in the case A\(V) # 0. After Vitali’s result appeared in 1905
mathematicians were led to ask about what would happen if we removed the
requirement of countable additivity.

Definition 4.2.3. Let X be a set. An algebra on X is a collection A of subsets
on X containing X, closed under complements and finite unions. That is, an
algebra on X is a collection of subsets of X satisfying conditions (i), (i) and
(i4i) in Definition except that we require only finite unions in (iii). A
finitely additive measure on (X,.A) is a function

A — [0, +00]
with the following properties:

(i) (D)

(ii) p is (finitely) additive, i.e. if {Ax}}_, is a collection of pairwise disjoint
subsets of X which all belong to A then pu(UR_ Ag) = > r_; 11(Ag).

0;

Theorem [4.2.1] leads us to consider the following problem of measure.

Problem of measure. Is there a finitely additive measure on
R"™ which is invariant under the action of the group of isometries
of R™, assigns the unit cube [0, 1]"™ the measure 1, and which is
defined on every subset of R™?
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Sometimes the problem of measure is phrased as asking if Lebesgue mea-
sure can be extended to a finitely additive, isometry-invariant measure on all
of R™ which normalises the unit cube.

In fact, we have already solved the problem of measure in R3.

Until now it appeared that the Banach—Tarski paradox creates a contra-
diction with Lebesgue measure: the unit ball in R? has volume %71', while two
copies of the unit ball have volume %7‘(, yet we passed from one copy to two
copies using only translations and rotations. But the Lebesgue measure of a
set is supposed to be invariant under the action of the group containing all

such translations and rotations. The following exercise resolves this confusion.

Exercise 4.2.4. (i) Using the example of Vitali sets, explain why (at least)
one of the sets involved in the Banach—Tarski paradoz is not measurable
for any finitely additive measure satisfying the conditions in the problem
of measure.

(i) Explain why the Banach—Tarski paradox answers the problem of measure
for R3.

4.3 Tarski’s theorem

Exercise effectively shows that paradoxical decompositions prevent the
existence of non-trivial finitely additive invariant measures defined on all sub-
sets. Tarski [7] proved the converse to this result, which shows that the only
obstruction to the existence of such measures is paradoxical decompositions.
We do not give the proof of the hard direction, since it requires too much
extra background.

Theorem 4.3.1. Let G be a group acting on a set X and let E C X. The
following are equivalent:

(i) there is a finitely additive G-invariant measure on X which gives E the
measure 1;

(ii) E is not G-paradozical.

Proof. (i) = (ii) We show that if E is paradoxical then such measure cannot
exist. Let Ay,..., Ay, B1,..., By C E and g1,...,9n,h1,..., hym € G witness
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that F is G-paradoxical. Then

n m

u(B) = (U A) || (U7 B)) ) = D7 (A0 + 3 u(By)

i1 =1
= plgi- A)+ Y pulhy - Bj)
i1 =1

> p ((U?zlgi A | (Ufhy - Bj)) = 2u(E)

for any measure p which is G-invariant. This implies that p(E) is 0 or +oo.
(ii) = (i) Omitted. See [10, Corollary 9.2]. O

Remark 4.3.2. We have also shown that the problem of measure has a neg-
ative solution for R™ with n > 3. Indeed, one can find a free subgroup of
SO(n,R) for all n > 3 as in Theorem so similar arguments to those in

Chapter [3 give a paradozical subset of R™. Now Theorem tells us that
the problem of measure has a negative solution for R™.






Chapter 5

Amenable groups

In this section we will use the term discrete group to indicate a group with
the discrete topology.

You will notice that one of the most important steps in our proof of
the Banch—Tarski paradox was finding a free subgroup of the rotation group
SO(3,R) in Theorem Similarly, in Exercise we saw that if a set
is G-paradoxical then G is itself paradoxical. Therefore we may view the
existence of paradoxical decompositions as being a statement about how com-
plicated the group involved is. This was recognised by von Neumann, who
abstracted this property in the following important definition.

Definition 5.0.1. Let G be a discrete group. Say G is amenable is there
is a finitely additive measure p on all subsets of G which is G-invariant and
normalises G; i.e. u(gF) = pu(E) for all E C G and pu(G) = 1.

The idea of this definition is summarised in the following exercise.

Exercise 5.0.2. Let G be a discrete group. Show that the following are equiv-
alent:

(i) G is amenable;
(ii) G is not paradozxical.
In particular, we have the following fundamental example.
Example 5.0.3. The free group F,, is not amenable when n > 2.

For a space X with counting measure we define
(2°(X) = {gb : X = C:sup|o(z)] < oo} ;
zeX
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which is an algebra with pointwise operations, that is, it is a vector space
(infinite-dimensional when X is infinite) and a ring in a compatible way. The
vector space and ring operations are called the pointwise operations:

(co)(z) := c(¢(x)), (o+¢)(x) = ¢(x) +(z), (¢¢)(x) = p(x)¢(x).

Exercise 5.0.4. Suppose that G is a group, X a set and - : G x X = X an
action of G on X. Show that

L GXUP(X) = £2(X); (9 d)(2) =g r2), g€G, zeX, ¢p€lX(X),

defines an action of G on £>°(X) which is linear and multiplicative, that is,
for each g € G the map ¢ — g - ¢ is linear and g - (pv0) = (g - )(g - V).

Amenable groups are normally defined in a different way; the following
exercise shows that our definition is the same as the more common one.

Exercise 5.0.5. Let G be a discrete group. Show that the following conditions
are equivalent:

(i) G is amenable;
(ii) there is a map I : (°°(G) — C which is:

(a) linear,

(b) contractive (|1(¢)| < supyeq |#(g)| for all g € £2°(G)),
(c) positive (if p(g) > 0 for all g € G then I(¢) > 0),
(d) G-invariant (for each r € G and ¢ € £>°(G) we have I(r-¢) = I(¢)).

We can use Exercise to define amenable groups in general. For a
locally compact group G we denote by B(G) the Borel o-algebra on G, that
is, the smallest o-algebra containing all open subsets of G.

Definition 5.0.6. Let G be a locally compact group. We say that G is
amenable if there is a positive linear functional I : L*°(G,B(G)) — C which
is positive, has norm 1, and satisfies I(g - ¢) = I1(p) for all g € G and all
¢ € L=®(G,B(G)). The functional I is usually called a left-invariant mean.
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5.1 Examples of amenable groups

Proposition 5.1.1. A compact group is amenable.

Proof. Let p denote the left Haar measure on a compact group G which is
normalised so that p(G) = 1. Since p is left-invariant, the functional I, on
L>*(G,B(G)) is a left-invariant mean. O

In particular, finite groups are amenable.

It is surprisingly difficult to prove groups are amenable. We state the
following classic result, due to Markov and Kakutani, to help us sketch the
proof of the following result.

Theorem 5.1.2. Let E be a (locally) convex topological vector space and let
C C FE be compact and conver. Suppose that (T;);cr is a family of maps
T; : C — C which are linear (even affine suffices) and mutually commuting.
Then there is a point ¢ € C which is a fized point of every T;.

Now we can prove that another class of groups are amenable.
Theorem 5.1.3. Abelian locally compact groups are amenable.

Proof. Let M C L*°(G)* be the collection of all means on L*°(G), that is, the
collection of all contractive, positive linear maps L*°(G) — C. The set M is
convex and compact. For each g € G define

T, : L®(G)* = L¥(G)s (Tym)(@) :==mlg- ), m e L™(G)", ¢ € L(C).

The maps T are linear, (weak*-)continuous, satisfy Ty (M) C M and TyT}, =
Ton = Thg = TyT, (9,h € G). By Theorem there is m € M with
Ty(m) =m for all g € G. This m is a left-invariant mean. O]

You might guess that if G is amenable and H is a closed subgroup of G
then H is also amenable — just restrict the left-invariant mean on L*°(G) to
L>°(H), right? It turns out that this does not work, because Haar measure
on H may not be the restriction of a Haar measure on G. This difficulty can
be overcome, but we do not give the proof. The following result collects some
hereditary properties of amenability.

Theorem 5.1.4. Amenability is preserved by the following constructions:
(i) passing to closed subgroups;

(ii) passing to quotients;
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(iii) passing to extensions (in particular, finite direct products of amenable
groups are amenable);

(iv) taking increasing unions.

Exercise 5.1.5. A group G is called solvable if there exist subgroups {e} =
Go,G1,...,Gp_1,Gy, = G such that G; is a normal subgroup of G141 and
Gi+1/G; is abelian for each i. Show that solvable groups are amenable.

Hint. Apply Theorem part (iii) repeatedly.

Example 5.1.6. The Euclidean motion groups E' and E? are solvable (when
equipped with the discrete topology), hence amenable.

Exercise 5.1.7. Show that the Fuclidean motion groups E" are not amenable
as discrete groups when n > 3.

Hint. Apply Theorem part (i).

In the above results we regarded E™ as having the discrete topology, though
they also carry a different topology as subgroups of GL(n,R). On this topic
we quote the following result; see [, Corollary 1.1.10] for a proof.

Proposition 5.1.8. Let G be a locally compact group. If G is amenable
when equipped with the discrete topology then G is amenable with its original
topology.

Consider the Euclidean motion group E™, which contains two important
subgroups: the subgroup of translations, which we identify with R™, and the
subgroup of rotations about some axis through the origin, given by SO(n, R).
In fact, every element of [E™ can be written as a translation by a € R™ followed
by a rotation by T' € SO(n,R), say

z—T(x+a), zeR"
or equivalently as a rotation followed by a translation
r—Tr+b, zeR",

with b = T'a. The collection of translations forms a normal subgroup of [E":
for any rotation T € SO(3,R) the element of E" given by z + T(T~!(x) + a)
is obviously again a translation, this time by T'a. This means that E" is the
semidirect product formed by SO(n,R) acting on R™, E” = R"™ x SO(n,R), or
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what we called the extension of R™ by SO(n,R) in Theorem This theo-
rem then allows us to deduce amenability of E” in the Euclidean topology. In-
deed, R™ is abelian and therefore amenable, while O(n,R) = 7= ({I,,}), where
I, is the n x n identity matrix, O(n,R) = {T' € GL(n,R) : T' is orthogonal},
and

7 : GL(n,R) — GL(n,R); n(9) := S'S.

Since 7 is continuous this means that O(n,R) is closed, and O(n,R) is ob-
viously bounded, so by the Heine-Borel Theorem O(n,R) is compact; now
SO(n,R) is closed in O(n,R), hence is compact and therefore amenable. It
follows from Theorem part (iii) that E™ is amenable.

The message from this section is that, though Euclidean motion groups
are amenable in their Euclidean topology, it is non-amenability of E™ as a
discrete group (when n > 3) that gives rise to the Banach—Tarski paradox.

5.2 Amenability and paradoxical decompositions

It turns out that the notion of amenability is what we needed to solve the
problem of measure, which is our final goal. The proof below requires the
difficult Hahn—Banach Theorem from functional analysis; it is based on [10,
page 161, Theorem 10.11 (i) = (v)].

Theorem 5.2.1. Let G be an amenable group of rigid motions of R™. Then
there is a finitely additive, G-invariant extension of Lebesque measure to all
subsets of R™.

Proof. Define spaces
Vo:={¢:R" - R: ¢ is Lebesgue integrable}
and
Vi={¢:R" = R: thereis ¢ € V with ¢(z) < ¢(z) for all z € R"}.

One can see that V) and V are (R-)linear spaces and Vj is a subspace of V.
Both V and Vj have actions of G: for ¢ in V or Vj

(r-¢)(z):=¢(r ' x) reG, reR"™

It is clear that 7 - ¢ € V) when ¢ € Vj: since G acts by isometries it preserves
the open, therefore the Lebesgue measurable, sets. If ¢ € V is bounded by
1 € Vp then clearly r - ¢ is bounded by r -, sor-¢ € V.
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Let Fy : Vo — R denote the linear map given by Lebesgue integration:

Fo(¢) == | ¢(x)dA(z), ¢ € V.
RTL
Define a G-invariant sublinear functional p : V' — R by

p(¢) = inf{Fp(¢p) : ¥ € V and ¢(x) < (z) for all x € R"}.

Clearly p(c¢) = cp(¢) for ¢ € R, since F and inf both have this property; sub-
additivity of p follows from the properties of inf and linearity of Fy. Moreover,
p is G-invariant:

p(r-¢) =inf{Fy(¢): ¢ € Vb and (r-¢)(z) < ¢(x) for all z € R"}
= (A0 1w Vo and o) < 01 we) Ve € )
=inf{Fo(¢p) : r~ ¢ € Vo and ¢(x) < (r~ - 4)(x) V . € R"}
= p(9)-

By definition Fy(¢) < p(¢) for all ¢ € Vp, so by the Hahn—Banach Theorem,
Theorem there is a linear map F : V' — R which extends Fy: F(¢) =
Fy(¢) for ¢ € Vp and F is dominated by p:

—p(=9¢) < F(¢) <p(¢), o€V

We want to define our extension of Lebesgue measure using this map F', but
F' is not G-invariant. This is where we must use amenability of G.
Given ¢ € V define another function

0s:G—RU{oc0}; O4(r):=F(r'-¢), red.
We have

Op(r) = F(r~"-¢) <p(r~"-¢) =p(e),
Op(r) =F(r"-¢) > —p(—(r""-9¢)) =—p(r"-(—9) = —p(—9).

Note that we used linearity of the action of G in the second calculation. Let v
be a measure on G arising from amenability of G, so v is finitely additive, G-
invariant, defined on all subsets of G and v(G) = 1. Finally, define a measure
on R” by

> )
((A) = {fG QXA(T> dv(r) if xa G.V,
00 otherwise.
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It remains to prove that this is the measure we are looking for: it is finitely
additive, G-invariant, defined on all subsets of R" and extends Lebesgue mea-
sure. Clearly u is defined on all subsets of R™. For finite additivity suppose
A, B C R" are disjoint, and assume xaup € V; then

WAUB) = /G O () dr(r) = [ (7 (asm) o)

G
Z/GF(T_I'XA) + F(r~" - xp) dv(r) = n(A) + u(B),

where we use that xaup = x4 + x5 (since AN B = (), linearity of the action
of G and linearity of F. If y(A) = oo or u(B) = oo then clearly xaup ¢ V,
so u(A U B) = co. For G-invariance, again suppose x4 € V, and r € G, so

u(s-A) = /GF(r1 “XsA) dv(r) = /GF(X(rls).A) dv(r)
= / F((s_lr)_l - xa) dv(r) = / F(t_1 - xa) dv(t) = p(A).
G

G

We used that 7~! - xp = x,-15 and also the G-invariance of v to change
the variable. To see that u extends Lebesgue measure suppose A C R™ and
A(A) < oo, then x4 € Vp, so

M(A)Z/G9XA(?”)CZV(T):/GF(T1‘XA)dV(?”)= Fo(r™" - xa) dv(r)

G
= [ Ban vty = 3(4) [ dvlr) = X(G) = XA
On the other hand, if A\(A) = oo then x4 ¢ Vb, so u(A) = oo also. We have
therefore given the desired extension of Lebesgue measure. O

The above result solves the problem of measure for R"™.

Corollary 5.2.2. The problem of measure has a positive solution for R' and
R? and a negative solution when n > 3. More specifically, when n = 1,2 there
is an extension of Lebesque measure to a E™-invariant measure on all subsets
of R™; when n > 3 no such extension exists, but one can obtain an extension
which is invariant under the action of any amenable subgroup of E™.

Proof. We have seen in Example and Exercise that E! and E? are
amenable (when regarded as discrete groups) and that E" is not amenable for
n > 3 (when regarded as a discrete group it contains a closed non-amenable
subgroup isomorphic to Fz). The statements are then immediate from Theo-

rem [5.2.1] O






Appendix A

Integration against
finitely-additive measures

Here we give the required definition for integrating against a finitely additive
measure.
The characteristic function of a set A C X is defined

1 ifx e A;

: X — G x) =
x4 Xal@) {O otherwise.

Recall that an algebra on X is a collection of subsets A of X which contains
the empty set and is closed under complements and finite unions (therefore
also finite intersections).

Definition A.0.1. Let (X, A) be a set equipped with an algebra A. A simple
function from X to C is a function of the form > ;' | cixa,, where ¢; € C and
A; e A.

There is a natural definition of integral for simple functions.

Definition A.0.2. Let pu be a finitely-additive measure on (X, A). For a
simple function f =Y | cixa, we define the integral of f with respect to u
by

[ 1@ duta) = Y cin(y).
X i=1

This definition, together with the next result, allows us to define the in-
tegral of a function. Of course, the integral may take the value 40c0. Recall
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that a function ¢ : X — C is called measurable if ¢~1(U) € A for all measur-
able sets U C C. Let L*>(X, 1) denote the collection of measurable functions
¢ : X — C such that ||¢||~ is finite, where || - ||oo denotes the supremum norm

|Plloo := esssup{|op(x)| : x € X}.

We met L*°(X, u) in Chapter 5| in the case that u is counting measure, and
wrote £°°(X) in this case.

Proposition A.0.3. The collection of simple functions is dense in L>°(X, )
when the latter space is equipped with the supremum norm; that is, for any
¢ € L™(X,n) and € > 0 there is a simple function f with ||f — ¢|lec < €.

Finally, we can define the integral of a function.

Theorem A.0.4. For a function ¢ € L>®(X,pn) and a finitely-additive mea-
sure p on (X, A) define

. k
[ s@ @)=t | p@dute). 15— ol S0,

The map
L I%(X, A) = C; 1(6) = /X o(x) du(z)

1s linear, and positive when p 4s.
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Haar measure

Definition B.0.1. A topological group is a group G which is also a topological
space, such that the operations

GxG—G; (g,h)—»gh and G—=G; g g !

are continuous. A locally compact group is a topological group which is locally
compact and Hausdorff as a topological space.

Examples B.0.2. (i) Any group equipped with the discrete topology (e.g. Z
or Fy, ) is an example; such groups are called discrete groups.

(i) The groups R™ with the Euclidean topology are locally compact groups.

(iii) The matriz groups GL(nQ, R) are locally compact with the topology they
inherit as a subset of R™" .

(iv) The group Q is not a locally compact group with the topology as a subset
of R.

Often when working with topological groups it suffices to consider neigh-
bourhoods of the unit element e € G, since if U is an open neighbourhood
containing e then gU is an open neighbourhood containing g € G.

We like to work with locally compact groups because they always carry a
measure, called Haar measure, which interacts well with the group structure.
We refer to [2, Section 9.3] for the proof of the following result. Recall that
B(G) denotes the collection of Borel sets of the topological space G; that is,
the smallest o-algebra on G containing all open subsets of G.

41
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Theorem B.0.3. Let G be a locally compact group. There is a non-zero
reqular (countably additive) measure p on (G,B(G)) which is left-invariant:

w(gA) = u(A) forallge G, AecB(G).

Such a measure p is called a Haar measure. This measure is unique up to
a positive constant, that is, if v is another Haar measure on (G,B(Q)) then
there is ¢ > 0 such that p = cv.

For any discrete group counting measure is a Haar measure, since |[gA| =
{ga : a« € A}| = |A|. When a group is compact it is often convenient to
normalise Haar measure by choosing the number ¢ in Theorem so that
the measure of the whole group is 1. Lebesgue measure on R™ is also an
example of Haar measure (this is really what Theorem says), but this
time we choose ¢ so that [0, 1]" has measure 1.



Appendix C

The Hahn—Banach Theorem

The Hahn-Banach Theorem is an essential result in functional analysis. We
only need a few definitions and the statement of the result; the proof is far
beyond the scope of these notes — it can be found in most textbooks on
functional analysis.

Definition C.0.1. Let V be a real vector space. Recall that a linear functional
on V is a linear map from V to R. A sublinear functional on V is a map
p:V — R such that:

(i) p(cv) = ep(v) for allv € V and ¢ € [0, 00);
(it) p(v+w) < p(v) + p(w) for all v,w € V.

For example, if V' = R" the usual Euclidean distance p(z) := |z| is a
sublinear functional on R™.
Now we can state the Hahn—Banach Theorem.

Theorem C.0.2. Let V' be a real vector space and Vo C V a subspace. Suppose
that Fy : Vo — R is a linear functional and p : V' — R is a sublinear functional
such that Fy(v) < p(v) for all v € V. Then there is a linear functional
F:V — R which extends Fy:

F(v) = Fy(v) for allv € Vj,

and satisfying
—p(—=v) < F(v) <p(v) forallveV.

The remarkable thing about the Hahn-Banach Theorem is that we can
extend Fj to a (possibly much larger) space while still keeping the extension
dominated by p.

43
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Note that the axiom of choice is required to prove the Hahn—-Banach The-
orem, so this is another place in these notes where the axiom of choice is used
in an essential way. The use of the axiom of choice means that the Hahn—
Banach Theorem is non-constructive — the only information we have is that
the extension exists.
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